A further doubling of the laser repetition rate to 42.5 GHz was achieved by coherent pulse interleaving in optical fiber technology, thereby underlining the potential of the Ti:sapphire waveguide lasers to produce highly stable, wide-spaced combs of phase-coherent optical frequency lines.
Miniature lasers producing ultrashort phase-coherent pulses at high repetition rates by stable mode-locking in ambient conditions can offer unique capabilities in various applications, spanning from microwave photonics to telecom and biological imaging techniques. Here, the operation of graphene mode-locked lasers based on channel waveguides written by femtosecond and picosecond laser pulses in Ti:sapphire crystals is demonstrated. Trains of pulses of 41.4-fs duration at a 21.25-GHz repetition rate were generated by capitalizing on the formation of solitons in their monolithic resonators through Gires-Tournois interferometers.
The latter, allow for effective pulse shaping via tuning of the intracavity group delay dispersion while simultaneously enabling ultralow laser operating thresholds. A number of features of these sources, including their high-brightness and broad bandwidth, are essential ingredients for achieving high longitudinal resolution and sensitivity, which are the primary performance metrics of the Fourier domain/spectral domain variant of optical coherence tomography systems.
A further doubling of the laser repetition rate to 42.5 GHz was achieved by coherent pulse interleaving in optical fiber technology, thereby underlining the potential of the Ti:sapphire waveguide lasers to produce highly stable, wide-spaced combs of phase-coherent optical frequency lines.
Introduction
Ti:sapphire crystals with their broad gain bandwidths [1] have enabled the advancement of the frontiers in the technologies of ultrashort-pulse and broadly wavelength tunable lasers, [2] enabling generation of pulses with durations as short as 5 fs. [3] [4] [5] The possibility of alleviating the effect of short fluorescence lifetimes and low emission cross sections of the Ti 3+ ions in these crystals and, in turn, of reducing the inherently high thresholds of Ti:sapphire bulk lasers has motivated strong interest in exploiting the confinement of the laser and pump modes in optical waveguides. In this respect, the adoption of planar slab [6] and channel [7] [8] [9] [10] [11] as well as fiber [12, 13] waveguide geometries led to the development of Ti:sapphire continuous wave (c.w.)
lasers [6, [8] [9] [10] 13] and broadband and high-brightness light sources. [7, 11, 12] Although, from an application viewpoint, high-repetition-rate, femtosecond Ti:sapphire waveguide lasers are appealing in various areas, including photobiology and photo-medicine there has been no report, to date, on their mode-locking. To this end, passive mode-locking, represents an attractive technology for the generation of low jitter, ultra-short pulses at multiGHz repetition rates as its realization relies on short, mechanically stable monolithic waveguide cavities. [14] In diagnostic imaging modalities such as Fourier-domain optical coherence tomography (FDOCT), particularly its spectral-domain (SDOCT) variant, which dominates in the wavelength range 780-850 nm, the short coherence lengths of these ultra-high bandwidths sources would enable sub-cellular scale axial resolutions and in turn enhanced imaging quality of internal tissue microstructures. Another approach that has evolved in parallel to SDOCT is the swept-source OCT (SSOCT), which prevails in the spectral ranges around 1050 nm and 1300 nm and relies on the use of rapidly tuned, narrow linewidth lasers, thereby allowing high imaging speeds. [15] [16] [17] To date, bulk femtosecond Ti:sapphire lasers are considered to be archetypical sources for OCT having enabled ultrahigh resolution imaging of live cells/tissues. [18] With a view to developing miniaturized diagnostic instruments, all aforementioned applications could also greatly benefit from the availability of compact light sources that offer promise for on-chip or on-board integration with detection units.
A scope for reduction of the pulsewidths and generation of high-intensities in passively mode-locked lasers is offered by soliton mode-locking, in which the time-dependent nonlinear pulse phase shift induced by the self-phase modulation (SPM) is compensated by balancing the dispersive and nonlinear lengths in the cavity. A favorable feature of such implementations is that the critical pulse energy required for the onset of mode-locking is significantly lower than in the non-soliton regime, thereby reducing the tendency of these lasers to exhibit Q-switching instabilities. [19] It is noted that in this mode-locking approach, the saturable absorber serves simply as a means of triggering and stabilizing the pulsation rather than of pulse shaping.
In this article, we report on the soliton mode-locked laser operation of femtosecond (fs) -and picosecond (ps)-laser-written Ti:sapphire channel waveguides at the fundamental frequency of 21.25 GHz, using a graphene layer as a saturable absorber. Researchers in recent years have increasingly capitalized on the use of ultra-short laser pulses, typically of a few tens of femtosecond duration, as a fabrication tool for the development of waveguide-based, integrated photonic devices, [20] [21] [22] which in the case of Ti:sapphire crystals include waveguide lasers, [10] broadband fluorescence sources, [11] and beam splitters. [23] Here, we extended the range of pulsewidths by an order of magnitude to include also pulses with ps duration. Aside from its large nonlinear absorption as well as low cost and facile fabrication, the main advantage of graphene with respect to other types of saturable absorbers is arguably that it can be used over an ultrabroad wavelength range, despite its wavelength dependent performance [24] . The suitability of graphene saturable absorbers (GSAs) for the mode-locking of Ti:sapphire lasers, has been demonstrated in extended cavity formats leading to the generation of 63-fs pulses at a repetition rate of 99.4 MHz [25] . In the mode-locking scheme applied here, soliton pulses of duration as short as 41.4 fs could be generated by tuning the intracavity group delay dispersion (GDD) with an equivalent to a Gires-Tournois interferometer (GTI) formed between the saturable absorber and one of the waveguide endfaces. [26] [27] [28] Furthermore, we demonstrate rate multiplication by a factor of two, to 42.5 GHz, the highest reported for a waveguide laser to date, by coherent pulse interleaving in optical fiber technology using an asymmetric MachZehnder interferometer (MZI) with a suitably tailored delay line in one of its arms. This route for repetition rate scaling is associated with a filtering effect in the frequency domain and represents an alternative to the one involving Fabry-Perot cavities. [29] 2. Materials and experimental methods
Development of Ti:sapphire channel waveguides
For the inscription of channel waveguides in the fs-and ps-regime, the outputs from a modelocked regenerative amplified KGW:Yb 3+ laser (1030 nm, 180 fs, 1 KHz, 1.5 µJ) and a YVO4:Nd 3+ laser (1064 nm, 8 ps, 200 kHz) were used, respectively. [10] The channels were defined in the bulk of a 0.12 wt% Ti:sapphire crystal by pairs of parallel lines, which acted as optical barriers and were separated by a distance of 24 μm, which is the optimum value to ensure near-diffraction-limited emission. The lines were formed ~150 μm below the crystal surface by focusing the writing laser pulses through a microscope objective lens with a numerical aperture of 0.65. Cross-sectional images of two waveguides written with fs-and pslaser pulses are displayed in Figures 1a and 1b respectively, indicating that the corresponding depths of the defining lines were 15.7 µm and 9.7 µm. The stress that developed the area inbetween and along the lengths of each pair of lines resulted in an increase in the refractive index with respect to that of the host crystal, and in turn in mode confinement and light guidance.
During the writing process, the crystal, which had its plane perpendicular to its crystallographic c-axis, was scanned transversally to the incident laser pulses such that the light polarization was parallel to the writing direction. The combination of the polarization of the writing beam and the orientation of the crystallographic axis of the host crystal was chosen such that a potential formation of nanogratings in the guiding area would not compromise the laser performance.
Formation of such nanostructures has been observed in glasses [30, 31] and more recently in Ti:sapphire [32] and undoped sapphire crystals, [33] leading to scattering of the launched beam if its polarization is parallel to that of the writing beam. The writing direction was the same for the two lines of each pair to prevent a potential differentiation in the modification of the material as a result of the opposite writing directions within the bulk of the non-centrosymmetric crystal. [34] The scanning speeds, vSC, used in the fs and ps laser writing regime were 15 µm·s -1 and 0.5 mm·s -1 , respectively, while the corresponding pulse energies, Ep, 1.5 μJ and 0.3 μJ.
After the completion of the laser writing process, the waveguide endfaces were polished to an optical finish and a length of 4 mm.
Experimental setup for soliton mode-locking experiments
A schematic of the experimental setup for the demonstration of mode-locked operation is shown in Figure 1c . The channel waveguides were optically pumped at 532 nm by a diode-pumped solid-state laser (DPSS). The electric field of the π-polarized pump beam was parallel to the crystallographic c-axis and coupled to the channels with a 16x microscope objective. were calculated in waveguides inscribed by fs and ps laser pulses, respectively, at the signal wavelength of 798.5 nm (for details see Supporting information). The higher loss in the pslaser-writing regime is due to the stronger interaction of the modal field with the defining lines of the guides. This, in turn, results from the rougher type of material modification and the larger magnitude of the entailed negative index change, of the order of 2.7 × 10 −3 as compared to 1 × 10 −3 in the fs-laser-writing regime. [10] The laser cavities used for mode-locking was formed by attaching at the front-endface of the waveguides a thin mirror with a reflectivity of ROC=96.5%
at the signal wavelength, which served both as an incoupling and outcoupling mirror. A second, highly reflective (HR, RB=99.5%) mirror coated by a graphene layer (for fabrication details see
Supporting Information) that acted as a saturable absorber was mounted on a piezoelectric stage and brought in close proximity to the waveguide back-endface. To achieve soliton modelocking, the cavity dispersion was modulated by varying the gap between the waveguide back endface and the GSA/mirror complex, which formed a GTI. The laser output was separated from the pump radiation by a dichroic beam splitter.
********************************FIGURE 1********************************
Results

Graphene-mode locked Ti:sapphire waveguide lasers.
To determine the parameters of the GSA that are critical for the mode-locked operation the impact of the incident pulse energy fluence on its transmission was studied using an optical oscillator (Coherent-Chameleon), yielding ~200 fs pulses at L = 798.5 nm and a repetition rate of 80 MHz. As shown on a logarithmic scale in Figure 2 , at the wavelength of 798.5 nm the GSA transmission increases from the level of its linear transmission, Tlin = 96.1% (see Supporting Information) at low fluence settings, to the saturation level, Tsat = 98.2% for infinitely high fluences. From a fitting to the data obtained, both the modulation depth, q = Tsat -Tlin, and the saturation fluence, Fsat,A, defined as the pulse energy fluence required for the transmission of infinitely thin absorbers to increase by 37% with respect to Tlin, were determined to be 67 μJ·cm -2 and 2.1%, respectively. From Figure 2 , the value derived for the nonsaturable loss GSA, that is, the difference between full transmission (T = 1) and the transmission that corresponds to the saturation level, Tsat, is 1.8%. ********************************FIGURE 2******************************** To study the mode-locked operation of the Ti:sapphire waveguide lasers, the RF spectra of their output were recorded using an ultrafast InGaAs photodiode with a 45-GHz bandwidth connected to an RF spectrum analyzer. Figure 3a shows a narrow frequency span (100 MHz)
RF spectrum of the fundamental repetition frequency of fR ~ 21.25 GHz. Considering that the latter is inversely proportional to the cavity length and described by
we derive from Equation 1 for the monolithic Ti:sapphire waveguide cavity with a length of Lcav = 4 mm, which is equal to the length of the waveguide, and a refractive index of n = 1.765, an operating frequency fR equal to the experimentally obtained one. The peak exhibits a signalto-noise ratio of 60 dB, indicating stable c.w. mode-locked operation without any evidence of Q-switching instabilities. Similar results that point to stable mode-locking were also obtained from sources developed with ps-laser-irradiation, as they exhibit signal-to-noise ratios in excess of 56 dB. The repetition rate of the fundamentally mode-locked waveguide lasers was also determined by recording the autocorrelation and the first cross-correlations with adjacent pulses, shown in Figure 3b , and measuring the peak-to-peak spacing. The latter is 47.06 ps, thereby confirming that the repetition rate is indeed 21.25-GHz. The slightly lower intensities of the cross-correlations are attributed to the higher loss of the autocorrelator for large delays.
********************************FIGURE 3******************************** ********************************FIGURE 4********************************
The intracavity GDD and in turn the mode-locking stability is critically dependent on the size of the GTI air-filled gap [35] = 87.1 fs in the fs-laser-and ps-laser-written channel waveguides, respectively, are derived from the soliton theorem equation
Here, GDD includes contributions from the material dispersion in the Ti:sapphire crystal and the air gap in the GTI structures, whereas the terms ECAV and SPM stand for the intracavity pulse energy and the SPM coefficient per round trip, respectively, and are given by the following expressions
In Equations 
Soliton mode-locked laser thresholds
We next calculate the minimum ECAV required for stable soliton c.w. mode-locking from
Equation 5
that describes the general condition for preventing Q-switching instabilities in iondoped, soliton mode-locked lasers, and reads [19] (
where E(cr) is the critical pulse energy representing the minimum intracavity pulse energy required to obtain stable c.w. mode-locking in the non-soliton regime [19] 
where Fsat and Aeff are the saturation fluences and the effective laser mode areas in the gain medium (L) and the saturable absorber (A), respectively. In Equation 6 , the term Aeff,A can be approximated as being equal to Aeff,L, which, as aforementioned, was measured to be 39.58 μm 2 and 37.38 μm 2 in fs-and ps-laser written channels, respectively. Finally, in the same equation,
Fsat,A = 67 J·cm -2 and Fsat,L = 2.648 x 10 3 J·m -2 as derived from the expression:
where, h·v is the photon energy, m = 2 represents the number of passes through the gain medium within one round trip, while em = 41 x 10 -24 m -2 and = 6 x 10 -24 m -2 are the emission and absorption cross sections of the Ti:sapphire crystal at the laser wavelength, respectively. By introducing the above values in Equation 6 , we calculated that a minimum intracavity energy of E(cr) = 242 pJ (228 pJ) is required for mode-locking in the non-soliton regime the waveguide laser fabricated by fs-(ps-) laser writing.
Returning to Equation 5, the term K represents the variation of the ratio of the pulse bandwidth, , to the gain bandwidth, g, with the ECAV, and is given by
where TBP stands for the experimentally obtained time-bandwidth-products of the fs-and pslaser-written waveguide lasers, being, as aforementioned, 0.358 and 0.384, respectively. With regard to the gain bandwidth g in Equation 8, for both types of waveguides, a value of 75
THz was estimated from the FWHM values of Gaussian fittings to the central parts the corresponding fluorescence spectra. Finally, the term g in Equation 5 is the time-dependent round-trip power gain when the pulse maximum is reached. In this case, g equals the linear losses that is, the round-trip cavity loss obtained from the expression
where WG is the round-trip propagation loss in the Ti:sapphire waveguides, being 11.3% and 28.2% for channels written in the fs-and ps-regime, respectively (See Supporting Information).
The term (1-GSA) 2 , represents the loss arising from the double-pass through the GSA due to its non-saturable loss GSA= 1.8%, as derived from Figure 2 . From Equation 9 it can be estimated that the g values for waveguides fabricated by fs-and ps-laser pulses are 0.207 and 0.419, respectively.
By introducing into the Equation 5
the values derived for all its parameters, the minimum intracavity pulse energies required to overcome Q-switching instabilities in waveguides fabricated in the fs-(ps-) laser writing regime were calculated to be ECAV = 83.1 pJ (48.6 pJ).
Notably, these value are less than half (one fourth) of the corresponding energies derived from Equation 6 for the non-soliton mode-locking regime, being as aforementioned, E(cr) = 242 pJ (228 pJ). Furthermore they are consistent with the experimental values of 91.5 pJ (53.6 pJ) for stable soliton mode-locking, which can be obtained by introducing in Equation 3 , the respective output powers measured at the threshold for stable cw mode-locking of 87.48 mW (51.25 mW).
Coherent pulse interleaving for rate multiplication.
Although waveguide lasers with their small cavity footprints open up the possibility of operation at high fundamental repetition frequencies, further scaling to higher values is limited by the absorption length of the gain medium, which is effectively the minimum length that the cavity can acquire without compromising the maximum achievable optical gain. One real option for repetition frequency scaling beyond the limits set by the monolithic cavity length is the implementation of optical interleaving technologies. Here, we realized coherent pulse interleaving for rate multiplication by a factor of 2 to 42.5 GHz, which corresponds to a free spectral range (FSR) in terms of wavelength separation, of 109.4 pm. To this end, we used an optical interleaver filter based on two directional microcouplers with 50:50 power splitting ratio [36] , formed using a single mode (780 -970 nm) silica fiber asymmetric MZI (for fabrication details see Supporting Information), schematically shown in Figure 5a . The laser pulse train from a mode-locked laser developed by fs-laser writing was coupled into the interleaver, where it was divided into two parts by a 50:50 splitter. Taking into account that the effective index of the silica glass fiber at the lasing wavelength is neff = 1.457, a delay line with a length of z ~ 4.846 mm, which is given by ∆z = c • ∆τ n eff (10) was introduced into one of the 70-mm-long arms of the MZI in order to ensure that the propagating pulses experience a time delay τ ~ 23.53 ps that is equal to half the repetition period of the input pulse train
The two MZI arms were re-combined, resulting in the doubling of the input repetition rate.
********************************FIGURE 5******************************** Optical characterization of the interleaver in terms of transmission, linear losses, and suppression levels was performed with a tunable, narrow-linewidth (< 75 kHz) Ti:sapphire probe laser (MRB-110, Coherent). To compensate fabrication tolerances and potential deviations from the 50:50 splitting ratio and the optimal delay line length, which can lead to a mismatch of the repetition rate fR and the filter spacing and in turn to phase-incoherent output pulses, the coupler and the delay line were thermally tuned, as indicated in Figure 5a . The optical transmission spectrum of the interleaver shown in Figure 5b , exhibits a maximum sidemode suppression of 22.1 dB and was recorded by modulating the wavelength of the narrowlinewidth probe laser over the range from 798.45 nm to 799.75 nm with a step of 1 pm, whilst the interleaver filter was thermally tuned. However, it is noted that the suppression measured does not represent the actual depth of the interleaver notches, which correspond to the minima in the transmission spectrum and remained most likely undetected due to the relatively large wavelength-tuning step. As the length of the longest arm of the directional coupler is 74.846 mm, we conclude that the propagation loss in the fiber, which is of the order of 3.65 dB·km -1 has a negligible contribution to the transmission loss. The latter originates primarily from the coupling losses of the waveguide laser output into the interleaver amounting to 1.55 dB, as indicated in Figure 5b . The overall transmission losses through the fiber interleaver are 1.9 dB, corresponding to an output power of 70 mW obtained for 108.4 mW of input power.
To evaluate the performance of the interleaved mode-locked waveguide laser the RF spectrum of the output pulse train was measured using a 45-GHz photodetector. During the measurement, the interleaver filter was thermally tuned to mitigate the adverse effects of any delay line offsets on the sidemode suppression. The spectrum obtained is shown in Figure 5c , revealing a suppression ratio of 44.2 dB, for the 42.5-GHz interleaved pulses. To confirm the repetition rate of the interleaved waveguide laser, we recorded its intensity autocorrelation trace over a large time window and measured the separations between the autocorrelation and the first correlations peaks, which, as indicated in Figure 5d , are 23.53 fs, corresponding indeed to a repetition rate of 42.5 GHz. The repetition rate drifts observed over a time span of 30 minutes were indiscernible thanks to the stability of the monolithic waveguide laser source and the low propagation loss in the interleaver filter. It is expected, therefore, that fluctuations in the carrier-envelope offset (CEO) frequency resulting from the difference between phase and group velocity in dispersive intracavity media are equally small.
Discussion and conclusions
We have demonstrated the generation of pulsed output with a duration as short as 41.4 fs in channel waveguides inscribed in the bulk of a Ti:sapphire crystal by direct laser writing with femtosecond and picosecond pulses via soliton mode-locking using graphene as a saturable absorber. Tailoring the GDD by means of a GTI in the waveguide cavity, as implemented here, offers the advantage of flexibility in terms of establishing any desired GDD level compared to integrated configurations. In the latter, dispersion compensation is achieved by interfacing the waveguide gain medium with of a passive waveguide segment that provides the desirable GDD level [37, 38] . The small footprint of the sources enabled operation at the fundamental frequency of 21.25 GHz, which is a record high value for waveguide lasers, with a maximum average output power in excess of 108 mW. Furthermore, we have highlighted the suitability of optical fiber interleaver filters based on Mach-Zehnder interferometers for scaling the repetition rate of the fundamentally mode-locked waveguide lasers by a factor of two, to the level of 42.5
GHz. There is scope for enhancement of laser performance in terms of both the pulse duration and output powers generated. Obtaining pulses with sub-20 fs duration is at present subject to limitations imposed by the third order dispersion in the Gires-Tournois structure. A possible way to circumvent this problem in the current monolithic resonator format is by using highly dispersive mirrors to form the waveguide cavity. Such mirrors can be designed to ensure broadband and, in effect high-order-dispersion-free GDD at the desired level. [39, 40] Reducing the propagation loss in the waveguides will offer a route to achieving lower lasing thresholds and the higher output powers with the levels of absorbed pump powers reported in our work.
Furthermore, the adoption of thermal management schemes will enable further output power scaling through the use of higher pump powers. Although in graphene mode-locked lasers a major limitation is the low damage threshold of the graphene layers, being on the order of 12 mJ·cm -2 for pulses of 50-fs duration [41] here, it is not expected to become an issue due to the high operating repetition rates.
Sources such as the femtosecond Ti:sapphire lasers reported here, with optimized operating characteristics can be appealing for frequency domain OCT, particularly the spectrometer based SDOCT variant, which is predominantly applied for dental and ophthalmic applications. The small footprint of the Ti:sapphire sources in combination with the development of semiconductor diode laser pumping schemes for Ti:sapphire lasers [42] [43] [44] and the progress in the design and technology of on-chip integration of OCT components, on various platforms including silicon [45] [46] [47] , lithium niobate-on-silicon [48] , and silicon oxynitride [49] are relevant to further the development of miniaturized OCT instruments. Considering the inherent potential of the direct ultra-short pulse writing technique for development of arrays of closely spaced channel waveguides in a host crystal, one could envisage the use of ensembles of mode-locked waveguide lasers, similar to the ones reported here, for the realization of rapid in-vivo scanning in parallel OCT schemes [50] . In this context, the ultra-short pulse laser technique can also be exploited for the development of integrated interleaver devices in the bulk of a host material provided that propagation loss can be maintained at low levels.
The concept of coherent pulse interleaving and generation of phase-coherent pulsed output demonstrated here can be applied for low-phase noise microwave signal generation [51] and also be of great value for telecommunication applications, if realized in conjunction with modelocked waveguide lasers operating in any of the telecom wavelength windows. As an example, miniature multi-gigahertz mode-locked sources coupled to suitably designed interleaver filters that incorporate thermal tuning modalities and can establish a differential delay to remain aligned to the ITU grid are useful for optical division multiplexing systems. [52, 53] Improvements in the quality of the waveguides in terms of propagation loss and the ensuing increase in the average power generated can pave the way for further repetition rate scaling through a larger number of interleaver stages and broaden the range of applications that can be addressed.
Finally, the stability of the phase-coherent output from the interleaver suggests the possibility of generation of dual optical frequency combs for spectroscopic applications [54, 55] using configurations that involve the coupling of the laser output into two separate interleavers.
Supporting information
Additional supporting information on the (i) propagation loss in Ti:sapphire waveguides and emission beam quality factors of the respective lasers, (ii) fabrication and characterization of the GSAs and (iii) dependence of the intracavity GDD on the gap size of the GTI may be found in the online version of this article at the publisher's website. 
